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Introduction

T HE main drawback of waveriders utilizing the stream
surfaces of other flowfields is that the shock wave will be

attached to the leading edge only at the design Mach number.
At the off-design point, the shock wave will separate from the
leading edge, thus reducing the lifting force, and the three-di-
mensional flowfield will not be mathematically tractable. An
alternative design approach that eliminates this drawback
would be through direct study of flow past three-dimensional
bodies with attached shock waves. A useful tool in this regard
is Messiter's thin shock layer theory (TSLT). We will demon-
strate that the theory is applicable in the attached shock case,
and we will use it to find new waverider configurations. Be-
sides, various shapes of triangular wings including plane delta
wings, delta wings with conical thickness, inverted V-shape
wings, and caret wings are covered. This Note is derived from
a full-length paper, copies of which are available from the
author.

Perturbation Theory
As a starting point, we have the following equations of the

extended thin shock-layer theory1 [Eq. (2) — given in Ref. 2 —
extends the theory to thickness effect] when conical coordi-
nates y and z are used:

dv dw— + — = 0
by dz

dw
— + (w
ay

z] = F(z) + (w - z)

dw—oz

z] = S(z) - zS'(z) - S f

(la)

(Ib)

(2)

(3a)

(3b)

where v and w are the crossflow speeds, Fand S the body and
shock wave, respectively, and 12 the Messiter's similarity pa-
rameter, which should be greater than 2 for the shock wave to
be attached.

The confusion associated with the application of the TSLT
to the attached shock case can be removed by utilizing Mal-
muth's3 and Hui's4 approach of seeking the flow past a plane
delta wing as a small perturbation of some basic two-dimen-
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sional flow. Thus, we first define a conical coordinate z by
z =z/Q and usej> =y, v(y, z) = v(y, z), w(y, z) = w(y9 z)9
and S(z) = S(z) into Eqs. (1-3); then for 12 > 1, we introduce
the following perturbation expansion into the transformed
form of Eqs. (1-3)

-V

—w2(y, z) + sO, z)

S(z) =

(4a>

(4b)

(4c)

Equations (4) seek the flow past the three-dimensional trian-
gular wing as a small perturbation from some basic two-di-
mensional flow. Substituting Eqs. (4) into the transformed
form of Eqs. (1-3) and equating like powers of Q, we get the
following approximate equations

i = 0

vdF(z),z]=F(z)-zF'(z)

dy

dw2

dy

(5a)

(5b)

(5c)

(5d)

(5e)
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(6e)
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(7b)
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Equations (5-7) give a first, second, and third approximation.

Solutions
Using a set of characteristic coordinates, the solution of

Eqs. (5-7) can be found as

', Z) = F(Z) - ZF' (z), S0(z) = 1 + c I z I + F(z) (8a)

z

dv2 _ dwl

v2[F(z), z]=F'(z)w,[F(z), z]

, z] = S2(z) - zS2'(z) - S</2(z)

, z) = - c sgn(z) - F'(
2332

~y-F(z)-c\z\
(8b)
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, z) = -a (8c)

v2O, z) = c sgn(z) F'(z) -

sgn(z)/ - c

dzV; z)\/z2

(8d)

z2S2" (z) =F"(z) (8e)

where a and c are constants. Equation (8e) shows that a
regular solution should satisfy F " (z) = Z2g(z), where g(z) is a
regular function. We can now investigate the flowfields pre-
dicted. We start by a singular solution for which g(z) - b0/z2,
b0 being a constant. This gives F"(z) = bo, which shows that it
is not possible to have an attached shock solution for which
the body is a parabolic arc. This same result has been obtained
by the present author5 employing a different approach. The
flowfield of a regular solution will be given by

Z2g(z) dz dz

(9a)

S(z) = (1 - Iz l)( 1 + i \z I - Iz

+ \z2g(z)dzdz (9b)

vO, z) = F(z) - zF ' (z) - -U -F " (f) df + -^ sgn(z)
" Jsgn(z) £ "

£) (9c)

*(z) = g(z) dz dz (9d)
«J J

where bo and b\ are arbitrary constants, and k0 is given by

Various three-dimensional wings with triangular planform
may be tried in Eqs. (9). First, a plane delta will have F(z) - 0
and we get bQ = b\ = g(z) - v(y,z) = 0, and

1(1- k l ) ,

This solution shows that the TSLT gives a V-shaped shock
wave that is nondifferentiable at the central axis. The fluid
speed normal to the surface is zero everywhere and the side
wash has uniform magnitude and is discontinuous at the cen-
tral axis. This solution appears to be the most simple solution
given to this problem so far. Second, assume that F(z) is
differentiable with ,F(1) = 0 and g(z) = - b2 = const. Thus we
get

= 0, F(z) = b0(l - z4)

(10a)

(lOc)

Equations (10) give a nonuniform flow with curved shock
that is nondifferentiable at z = 0. Also the side wash w is
nondifferentiable at the same point.

Now consider inverted V wings for which F(z) = bo + bi\z\9
g(z) = Q. The flowfield will be given by

(Ha)

(lib)

Equation (11 a) shows that the shock wave of an inverted V
cross section consists of two planar segments and is nondiffer-
entiable at the central axis. Also, w is discontinuous at the
central axis, and the fluid speed is uniform everywhere. This
simple uniform flow prediction is characteristic of the present
approximation. A special case of the inverted V-wing is the
caret wing for which S '(z) = 0. Equation (1 la) gives b\ - 1 and
we get the following uniform flow

Thus far we covered flowfields with nondifferentiable shock
waves. Now we consider the more realistic case of a differen-
tiable shock wave. A body supported by such a shock can be
used as the lower surface of a three-dimensional curved wave-
rider. Equation (9b) shows that S(z)will be attached and dif-
ferentiable for all values of z if b\ = 1 and k0= - $(1), and

(l-z2)g(z)dz = 0 (12)

Various regular functions g(z) could be tried into Eq. (12).
First, taking g (z ) = const = -b2 gives the plane caret- wing so-
lution found before. Second, take g(z) = -b2 + &3z2, where b2
and &3 are constants. Equation (12) gives b3 = 5b2 and the
condition kQ= -$(1) gives k0 = b2/12. Hence, the flowfield of
the waverider will be

(13a)

12Q2 12
(13b)

(13c)

Equations (13) give a closed-form simple solution for the
flow past a waverider that is curved, continuous, and differen-
tiable at all cross-section points except z = 0. The shock wave
is curved, continuous, and differentiable at all points. In fact,
F(z) appears to be a modified inverted V shape, which has
some small curvature of order 0(fi~2). Notice that v and w are
continuous regular functions but they are not differentiable at
z = 0. Thus, discontinuities in the flow occur in the derivatives
but not in the functions themselves. This conclusion has been
reached by the present author5 for delta wings with conical
thickness through an exact study of the TSLT. Other classes of
waveriders can be studied the same way.

Finally, we calculate the surface pressure. As already noted,
the pressure is decoupled from the other functions in the
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Fig. 1 Typical curved waverider (——) and a caret wing (- - -) and
the supporting shock waves: 7 = 1.4; A/o>= 10; a = 25 deg.; fto = 0.1;
62=-2
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Fig. 2 Crossflow speeds for a curved waverider: &o = 0.1; 62= -2;
7 = 1.4; Moo = 10; a = 25 deg; A = 45 deg.
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Fig. 3 Surface pressure of a caret wing and curved waveriders: 2>o
= 0.1; 7 = 1.4; Moo = 10; a = 25 deg; A = 45 deg.; caret wing (——);

TSLT and can be found by direct integration after introducing
z into the pressure equations. It suffices here to give the final
results as follows. First, for inverted V-shape wings, p is
uniform and given by p(y, z) = 2ci - 1 - cf/Q2, where c{ and c2
are constants, and for a caret wing, it is also uniform and
given by p(y, z )=l+2£ 0 - The plane delta wing will have
p = 1 + 1/Q2- 1/04[2+ I/O2]. The pressure has also been cal-
culated in the cases where F(z) is differentiable with F(l) = 0
and for curved waveriders, however, the details are omitted.

Results
Now we present some results. Figure 1 shows a caret wing

and a curved waverider and their shock waves. The curved
waverider shock wave has small (convex) curvature for all z.
In Fig. 2, the crossflow speeds v and w on the lines y =0.605
and 0.881 are shown. The figure shows that they remain
almost uniform in the inboard of the flowfield but undergo
some to considerable increase near the leading edges. Also
noted is that the side wash w is almost zero (almost two-di-
mensional flow) in the inboard region. Figure 3 shows the
surface pressure coefficient C^ = to,-PCxO/1/2poo£/0;, wherepb
is the surface pressure and Poo, Poo, and £/oo, are the freestream
pressure, density, and speed, respectively. Figure 3 shows the
variation of Cp for a caret wing and two waveriders. The
surface convex curvature, though small, has considerable ef-
fect on Cp near the leading edges.

Introduction

T ESTS of the Propeller Test Assessment (PTA) Aircraft1

provided valuable near-field noise data on a large-scale
(9-ft-diam) propfan operating at its 0.8 Mach number design
condition. The nacelle was designed so that its tilt could be
adjusted to three pitches for the evaluation of angular inflow
effects. A recent paper2 described a comparison of noise pre-
dictions from two frequency domain computer codes with
data from the PTA experiment. Unsteady loading for input to
the noise theory was computed using a time-accurate Euler
method sensitive to angular inflow. One of the noise codes,
identified as frequency domain, Hanson (FDH), was based on
Hanson's near-field frequency domain theory.3'4 It accounts
for unsteady loading but not angular inflow. The other code,
identified as frequency domain, Envia (FDE), was developed
by Envia based on an unpublished theory that is sensitive to
angular inflow. In Hanson's theory the tangential integration
over the source volume is done analytically, leading to Bessel
functions in the radiation formulas. From the description
given in Ref. 2, it appears that Envia's method uses numerical
integration over the tangential source coordinate. This numer-
ical approach offers the advantage that propeller loading,
geometry, and inflow angle can be represented more precisely
for near-field calculations.

Theoretical waveforms and harmonic directivity patterns
were compared in Ref. 2 with data from a series of micro-
phones on a wing-mounted boom outboard of the propeller
parallel to the propeller axis. Unfortunately, an error in the
Envia code5 invalidated the calculations in Ref. 2. However,
predictions with the Hanson code appear to represent correct
use of the axial inflow theory and are the motivation for this
Note. In Fig. 1, the calculations are by Nallasamy et al. using
the Hanson theory, and the data are boom microphone levels
from Ref. 1 with corrections to the free field using the scatter-
ing theory of Ref. 6. (Starting with the forward microphone,
the corrections were 0, 0.4, 0.7, 0.9, and 0.7 dB.) As shown in
the figure, these calculations correlated well with data for two
of the microphones aft of the plane of rotation but overpre-

Received Oct. 28, 1991; revision received Dec. 19, 1991; accepted
for publication Dec 27, 1991. Copyright © 1992 by the American
Institute of Aeronautics and Astronautics, Inc. All rights reserved.

* Principal Research Engineer, Propulsion Analysis Group, Mail
Stop 1-3-BC52, Hamilton Standard Division, One Hamilton Road.
Associate Fellow AIAA.


